Three-mode optoacoustic parametric amplifiers (OAPAs), in which a pair of photon modes are strongly coupled to an acoustic mode, provide a general platform for investigating self-cooling, parametric instability and very sensitive transducers. Their realization requires an optical cavity with tunable transverse modes and a high quality-factor mirror resonator. This paper presents the design of a table-top OAPA based on a near-self-imaging cavity design, using a silicon torsional microresonator. The design achieves a tuning coefficient for the optical mode spacing of 2.46 MHz∕mm. This allows tuning of the mode spacing between amplification and self-cooling regimes of the OAPA device. Based on demonstrated resonator parameters (frequencies ∼400 kHz and quality-factors ∼7.5 × 10 5 ) we predict that the OAPA can achieve parametric instability with 1.6 μW of input power and mode cooling by a factor of 1.9 × 10 4 with 30 mW of input power.
Introduction
Optoacoustic systems are attracting considerable interest for quantum optomechanics and signal transduction. In such devices, modes of acoustic (or mechanical) resonators are coupled to optical modes through a nonlinearity provided by the radiation pressure force. This coupling provides a tool to study quantum effects at the macroscopic scale and to achieve quantum limited sensitivity in detecting small displacements and weak forces. Laser cooling of acoustic resonators to their quantum ground state has been achieved in experiments with sufficient optoacoustic coupling [1] [2] [3] [4] , and extremely high sensitivity transducers have been demonstrated [5] [6] [7] [8] [9] [10] .
Optoacoustic interactions represent a macroscopic form of Brillouin scattering [11] in which electrostriction couples optical fields and acoustic waves. A travelling electromagnetic wave scatters from a moving sound grating in a bulk medium (phonon frequencies up to THz), producing a second electromagnetic wave. In the case of optoacoustic interactions, an optical field scatters on the surface of a vibrating mirror (phonons in the MHz range).
When considering optoacoustic interactions in an optical cavity, it is important to distinguish between two-and three-mode interactions. In a two-mode interaction, an acoustic mode scatters an input beam to create a pair of sidebands within the bandwidth of the same cavity mode. Depending on side-band asymmetry, this can lead to suppression of the acoustic mode (self-cooling [12, 13] ) or amplification of the acoustic mode. Four frequencies are present, but supported by two modes-one acoustic and one optical.
In a three-mode interaction, an input beam and scattered beam are in different cavity transverse modes. Two optical modes and one acoustic mode are involved. This interaction is analogous to a photonic molecule [14] and is a tuned system that allows the creation of quantum-optical acoustic amplifiers capable of free oscillation (phonon lasers [15] ), mode cooling, and amplification of small signals.
Three-mode interactions are qualitatively and quantitatively different from two-mode interactions since power flows at three frequencies. In appropriately designed systems, the optoacoustic coupling can be much greater as it depends on the product of three, high quality-factors (two optical and one acoustic). We will show here that a practical threemode optoacoustic parametric amplifier (OAPA) can achieve very high self-cooling factors ∼10
4 , compared with cooling factors ∼30 achieved with twomode self-cooling [3, 4, 16] .
Braginsky et al. first predicted three-mode optoacoustic parametric interactions [17, 18] in the context of long-baseline laser-interferometer gravitational wave detectors [19] . This analysis was extended to three dimensions [20] including detailed modeling of acoustic and optical mode structures by Zhao et al., while Ju et al. showed that multiple mode interactions could contribute to parametric gain [21] .
The theory was confirmed by Evans et al. [22] , while Zhao and co-workers [5, 23] have confirmed the detailed physics of three-mode interactions in long Fabry-Perot cavities. Zhao et al. observed these interactions in an 80 m cavity [5] and recently reported the first demonstration of ultrasonic acoustic modes driven by radiation pressure using threemode parametric interactions [23] .
Three-mode interactions have been observed in solid state resonator structures [24] and recently, the first tunable free space three-mode interaction system was demonstrated using a 50 nm thick membrane between two mirrors [25] .
A crucial requirement of three-mode interactions is a high quality-factor acoustic resonator that scatters light into a cavity transverse mode with an acoustic mode frequency that matches the frequency gap between both cavity modes. The high quality-factor is required to reduce thermal noise and to increase the parametric gain R, a dimensionless quantity which describes the strength of the optoacoustic interaction relative to the losses of the acoustic resonator.
Assuming that the three-mode system is tuned such that ω m ω 0 − ω 1 , where ω 0 , ω 1 , and ω m are the optical carrier mode, high-order mode and acoustic mode frequencies, respectively, the parametric gain R is given by the following formula [17, 26] :
where I in is the input power, Q 0 and Q 1 are qualityfactors of the cavity modes, Q m is the quality-factor of the acoustic mode, m is the effective mass of the resonator, and L is the cavity length. The overlap factor Λ [17, 21] between the TEM 00 , TEM 01 , and the acoustic mode shapes determines the strength of threemode interactions. It is an integral of the product of the three-mode shapes. The magnitude of Λ depends on the alignment and the relative sizes of the optical and acoustic modes. Thus, to ensure a suitable overlap factor, it is important to optimize the beam spot sizes and alignment, in relation to the resonator structure. This paper presents the design and predicted performance of a practical OAPA device developed from the concept first presented in [26] . We present the design and validation studies of a compact tunable OAPA system based on a Fabry-Perot [27] cavity with a high quality-factor mg-scale silicon microresonator [28] as an end mirror. This could also provide a platform for studying parametric instability, an important issue in advanced gravitational-wave detectors [19] .
The torsional acoustic vibration of a flat mirror is an effective means for obtaining a large spatial overlap between TEM 00 , TEM 01 optical modes, and the acoustic mode. Our design matches the acoustic resonator dimensions to the spot sizes for a TEM 00 pump mode and a TEM 01 high-order mode. The torsion mode frequency near 400 kHz dictates the requirement for the optical mode gap for a reasonable cavity size.
OAPAs can be operated in two regimes: (a) cooling and (b) amplification and self-sustained oscillation. The design presented here is based on a three-element near-self-imaging (NSI) cavity, which allows beam spot-size optimization and tuning of the opticalmode gap by a few MHz, sufficient to span the two operating regimes. This paper is organized as follows: In Section 2, we present the design and properties of a suitable high quality-factor resonator with optical coatings. In Section 3, we present the NSI cavity design that allows cooling, amplification, and parametric instability to be achieved. In Section 4, we predict the performance of the OAPA, which is limited by radiation damage and thermal dissipation if operated at cryogenic temperatures.
Silicon Resonator with Optical Coatings
The long standing problem of the acoustic loss of multilayer optical coatings [29, 30] restricts the options for the design of high quality-factor optical microresonators. To minimize acoustic losses, the resonator is designed to reduce the elastic strain in the optical coatings by applying them only on a central element, designed to move as a rigid body in a torsion motion. In the future, this design could also allow an inductive sensor loop to be attached without incurring large acoustic losses.
The resonator design is illustrated in Fig. 1 . Resonators consist of three paddles, inspired by previous work [31] , connected by torsion rods, fabricated on 20 mm by 20 mm standard silicon wafers. The paddle design consists of a 1 mm by 1 mm central paddle supported by two isolation paddles (1 mm by 1.8 mm). The torsion rods have length of 0.5 mm and width of 0.3 mm. Wafer thickness of 365, ∼500, and 670 μm were used. For the design presented here, we will focus on a resonator with observed frequency 401.5 kHz and thickness 515 μm [28] .
The finite element modeling (FEM) software ANSYS 14.0 was used to develop the torsion resonator, with approximately 140 000 nodes to represent the resonator, a mesh size of 300 μm on the frame, and a finer mesh size of 50 μm on the paddles and torsion rods. The resonator was modeled to determine the amplitude distribution of acoustic modes and to ensure that torsion modes were separated in frequency from resonances of the frame. The modes of interest [see Fig. 1 (c)] should have strain energy localized on the torsion rods and low energy in the frame. Such modes were expected to have a good isolation from suspension losses. Localization of the strain energy in the torsion rod segments holding the middle paddle, and minimal strain energy on the paddle itself, confirmed the near rigid body behavior of the central paddle.
Resonators for this OAPA system have been fabricated at the Institute of Photonics Technologies of the National Tsing Hua University in Taiwan, at the Institute of Electronic, Micro-electronic and Nanotechnology, the Société Européenne de Systèmes Optiques, and the Laboratoires de Matériaux Avancés, in France, and at the Australian National Fabrication Facility Ltd. in Queensland.
Following careful dimension measurements of resonators fabricated by dry etching [32] or laser micromachining [33] , we used FEM modeling to help identify the torsion modes of interest. The 401.5 kHz mode was consistent with the predicted torsion mode frequency for the resonators fabricated from monocrystal (100) boron-doped silicon with thickness of 500 25 μm.
Thin film optical coatings were applied on 365 μm thickness resonators as a test of the coating technique, within a square area of 800 μm by 800 μm, center on the middle paddle. The coatings consisted of 14 alternating layers of SiO 2 and Ta 2 O 5 with total thickness 5.0 μm. The specified reflectivity was 99.997% [29, 30] , at 1064 nm. Future resonators will use higher reflectivity coatings and thicker wafers. This coated paddle is intended as the end mirror in the NSI cavity design presented in the next section.
FEM modeling was used to estimate the losses from coatings by calculating the ratio of the strain energy stored in the coatings ΔE, and the total strain energy E of the acoustic mode. In the absence of suspension losses, the acoustic quality-factor can be approximated by [ 
c ΔE∕E, where Q i and Q c are the intrinsic and coating qualityfactors. For coatings on the 401.5 kHz resonator, the calculated energy ratio is 1.7 × 10 −3 . Assuming a typical coating loss [29] of Q −1 c 2.5 × 10 −4 , we expect to achieve Q m ∼ 1.9 × 10 6 if Q i 10 7 , and Q m ∼ 7.0 × 10 5 if Q i 10 6 . There is some uncertainty on the intrinsic quality-factor of thin wafers, due to the contribution of surface losses [34] .
The acoustic loss contribution from the coatings is very sensitive to the wafer thickness. This loss contribution could be considerably reduced using small changes to the coating area and substrate thickness.
While the intrinsic quality-factor of bulk silicon and thin silicon flexures has been observed to be very high [34, 35] , the quality-factor of wafers is uncertain because it is difficult to distinguish between suspension losses and intrinsic losses. As stated by Chandorkar et al. [36] , the heat generation in the resonator due to deformation is negligible for a pure torsion mode. For this reason, thermoelastic loss can be ignored.
We measured the mode frequencies and qualityfactors of resonators without coating using an optical lever and piezo excitation system [28] . Qualityfactors in the range 5.0 × 10 5 -8.6 × 10 5 were observed, reasonably close to our design goal.
We also observed that the quality-factor depends greatly on the position of the wafer holder, indicating that suspension losses are not negligible. A comparison of resonators will be published elsewhere.
Cavity Design
An OAPA requires a cavity design that is well matched to the acoustic resonator. Here we present a three-element NSI optical cavity design that meets the requirements to achieve appropriate opticalmode frequencies and spot size to enable strong three-mode optoacoustic parametric interactions in a compact tabletop system.
In a single optical cavity, for a given cavity length L, the resonant frequency of the TEM mn mode is given by
where c is the speed of light, p is the longitudinal mode index, m and n are transversal indexes, and α is the Gouy phase shift of the TEM 00 mode over one cavity length. If α kπ, where k is an integer, the cavity is fully degenerate, and all TEM mn modes and their linear combinations resonate simultaneously. This is a self-imaging cavity [37] . Similar cavities have been studied and used in multi-mode squeezing experiments [38] . The configuration of a self-imaging cavity is fixed after choosing the mirror radius of curvature R 0 and the lens focal length f . The spacing between components is given by
and
A small adjustment to the position of any component in the self-imaging cavity breaks the degeneracy, thereby creating the NSI cavity, in which there is a small tunable frequency gap between modes.
As stated in the Introduction, the 400 kHz acoustic frequency of the torsional microresonator should match the frequency gap between the TEM 00 and TEM 01 modes in our cavity design. The TEM 01 mode is chosen for its suitable spatial overlap with the torsional acoustic mode of the resonator.
Another requirement of the OAPA is that the optical mode size should match the size of the acoustic mode. For a simple two-mirror optical cavity, a mode gap near 400 kHz is easy to achieve in a near-planar or a near-concentric cavity [39] , but it is difficult to achieve the correct mode size in a small cavity. This is easier in a three-element NSI cavity, using small adjustments of the position of L T (see Fig. 2 ) to adjust both the mode gap and the mode size.
As shown in Eq. (2), the mode gap between the TEM 00 mode and the TEM 01 mode is determined by the Gouy phase shift α, which is a function of the cavity length L, and therefore of the radius of curvature R 0 of mirror M 0 and the focal length f of the lens L T .
Here we will derive the Gouy phase shift and the optimal positions of the components in the cavity in order to produce three-mode interactions. To simplify the analysis, the cavity is divided into three parts: L 1 , L 2 , and L 3 . We use ϕ 1 for the Gouy phase shift from M 0 to the waist W 1 , ϕ 2 for the phase shift from the waist W 1 to the lens L T , and ϕ 3 for the phase shift from the lens L T to the resonator M 1 . The total Gouy phase shift in the cavity is then
For a Gaussian beam, the Gouy phase shift at any point is given by ϕ arctanz∕z R ;
where z is the displacement of the point relative to the waist, z R is the Rayleigh range given by z R πW 2 i ∕λ, where λ is the laser wavelength, and W i is either the waist before (i 1) or after (i 2) the lens L T . Fig. 2 . NSI optical-cavity concept and key parameters. A torsional microresonator (M 1 ) interacts with the TEM 00 mode and the TEM 01 mode. We can continuously change the mode gap between the two optical modes by tuning the position of the lens L T . W 1 and W 2 are the waist sizes before and after the lens L T , respectively. In a practical cavity, the tuning lens L T is replaced with a tuning mirror M T (shown later in Fig. 4 ).
In the NSI cavity, the laser spot size on the resonator is waist W 2 , which must be tailored to fit within the square mm surface of the torsional resonator. The distance L 3 between the resonator M 1 and the lens L T must satisfy
where z R πW 2 2 ∕λ is the Rayleigh range after the lens.
The properties of the laser beam after passing through the lens are completely determined by the state of the beam before the lens and the transmission matrix of the lens. The waist position L 2 of the first waist, and the waist size W 1 can be derived directly from the ray transfer relation of a Gaussian beam, given by
where f is the focal length of L T , q is the complex parameter of a Gaussian beam defined by q z iz R , and q 0 is the complex parameter before the lens. From Eq. (8) we obtain L 2 and W 1 :
With the values of L 2 and W 1 determined, phase shift ϕ 2 is given by
where z 0 R is the Rayleigh range before the lens, given by
The radius of curvature R 0 of the mirror M 0 , and the waist size W 1 are related to L 1 as follows:
From L 1 we obtain ϕ 1 :
Equations (7), (11), and (14) show that the Gouy phase shift over the cavity length is determined by four parameters: W 2 , R 0 , f , and L 3 . We chose the size of W 2 to balance two requirements: (1) high overlap between the optical and acoustic modes; (2) low optical diffraction loss to maintain a high cavity finesse. Considering the resonator size of 1 mm by 1 mm, a 0.2 mm beam waist was chosen to have an overlap factor of 0.1 and a diffraction loss of 15 ppm. If we fix R 0 and f by using specific components, the Gouy phase shift will depend only on L 3 . Thus, by changing L 3 , we control the mode gap between optical modes TEM 00 and TEM 01 . Using Eq. (2), we obtain a relationship between the mode gap Δν and L 3 as follows:
Here k is an integer that indicates the difference in the longitudinal mode index of the two optical modes (k 1 in our case). We have considered different cavity configurations (R 0 and f values) to achieve a mode gap of Δν 400 kHz. We found that a configuration with R 0 50 mm and f 50 mm is suitable, as we only need to adjust the position of the lens by 325 μm (the tuning gap) to adjust the cavity from amplification to cooling regimes.
For a self-imaging cavity, in which L 3 f f 2 ∕R 0 [Eq. (4)], using R 0 50 mm and f 50 mm gives a value of the distance L 3 100.0 mm. This corresponds to the NSI average value of L 3 for instability and cooling regimes, which is 100.16 and 99.84 mm, respectively. This indicates that the tuning of the lens L T in the cavity is symmetric around the selfimaging point (Δν 0).
Cavity tuning is demonstrated in Fig. 3 where the mode gap is plotted as a function of the position of the lens relative to the resonator. A tuning coefficient of 2.46 MHz∕mm is achieved. When L 3 is reduced below 100 mm, the OAPA enters the cooling regime. When L 3 is increased above 100 mm, it enters the positive gain regime. 
Predicted Performance of a Practical NSI Cavity Setup
Based on the design given in the previous sections, we present here a practical experimental setup and performance estimates for a three-mode OAPA shown in Fig. 4 . Rather than using a lens as shown in Fig. 2 , a practical OAPA uses a mirror to replace the tuning lens. The pump beam requires a pre-mode cleaner (PMC) to insure that the injection is a pure TEM 00 mode, and must be mode matched and frequency locked using a standard Pound-Drever-Hall (PDH) locking scheme [40] .
The NSI cavity needs to be operated in a vacuum to achieve high acoustic-resonator quality-factors and to be sufficiently rigid to maintain dimensional constraints. Piezo mirror mounts for the input mirror and the tuning mirror can allow the required tuning range. Experience with a membrane cavity threemode interaction setup [25] has demonstrated the importance of alignment and tuning to achieve maximal overlap between the acoustic mode and TEM 01 mode.
As shown in Fig. 4 , a quadrant photodetector can be used in common mode for the PDH locking, and in differential mode to monitor the OAPA signal at 400 kHz. This signal is a beat frequency between the TEM 00 and TEM 01 modes, which is proportional to the amplitude of the torsional resonator. In the absence of external excitation, the quadrant photodetector output should record a thermally driven acoustic mode amplitude of the torsional resonator. At low input power, this signal should represent the kT thermal energy of the resonator, but as power increases, the mode should be amplified or suppressed, as discussed further below.
To predict the performance of the OAPA described here, we need to determine the maximum power the device will withstand. This depends on two factors: optical damage and thermal heating. Using the continuous wave damage threshold for thin-film optical coatings, ∼1 MW∕cm 2 for currently available technologies [29] , and the designed waist size at M 1 of 0.2 mm, the circulating power limit is ∼1.2 kW.
The transmissivity and absorption of the resonator coatings will allow some of the circulating power to be absorbed by the silicon substrate, which could alter the acoustic torsional-mode frequency and detune the NSI cavity.
The input mirror is designed for a transmissivity of 10 −4 . Combined with the 1 ppm loss of the coatings and 15 ppm diffraction loss of the resonator reflective coating, the OAPA cavity can achieve a finesse of 6.3 × 10 4 , calculated from the relationship: F 2π∕ϕ, where F is the finesse, and ϕ is the total loss. The circulating power limit sets the input power limit to 30 mW.
Only a small fraction of the input power needs to be dissipated by the resonator. Since the silicon substrate will strongly absorb 1064 nm light, the power absorbed by the resonator will be the sum of the coating transmissivity and absorption. Assuming 1 ppm transmission, coating absorption of 0.25 ppm, and silicon absorption of 0.5, a maximum of ∼1 mW should be absorbed by the resonator. As discussed below, this could be reduced in resonators designed for cryogenic operations.
We modeled the resonators using the thermal conductivity of 148 W∕mK [41] to predict the effects of laser heating. The small mass of the resonator structure and the large thermal conductivity of silicon ensures that the resonator has a short thermal relaxation time (∼ms) to the wafer substrate. Thereafter it cools by blackbody radiation.
At room temperature, the 1 mW from laser heating is estimated to cause the wafer temperature to rise by 3.2 K before equilibrium is reached with dissipation from blackbody radiation. The blackbody radiation thermal relaxation time for the wafer is ∼10 minutes.
We used the temperature dependence of the Young's modulus Y(T) of silicon to confirm the above analysis, as changes to the Young's modulus are the Fig. 4 . Experimental setup of the NSI cavity for three-mode interactions. The laser light passes through a PMC to clean up high-order modes, and is then phase modulated by an electro-optic modulator (EOM) for PDH locking of the laser frequency to the NSI cavity. A 400 kHz torsional microresonator acts as the end mirror of the NSI cavity, which interacts with the cavity TEM 00 and TEM 01 modes. The sum signal from the quadrant photodetector is used for PDH locking while its differential signal is used to monitor the resonator amplitude. The mode gap between the two optical modes is adjusted by tuning the position of M T .
dominating cause of acoustic mode frequency drift [42, 43] . The near-linear relation [41] ΔYT∕ΔT ≈ −7 MPa∕K allows the mode frequency to be used as a temperature probe.
With the low-power laser used in the optical lever for measuring acoustic modes, we could apply known amounts of heat and measure the resonator temperature changes over time. Results were consistent with the simple modeling, above, leading to an expectation that, at maximum optical power, the mode frequency would drift by ∼32 Hz due to laser heating. This is small compared with the optical-mode linewidths, so should not vary the OAPA gain.
Two parameters can be used to characterize OAPA performance: (a) power required to achieve parametric instability (R 1) and (b) maximum possible cooling factor. Here we will estimate these factors.
The effective acoustic mode temperature T eff reached by self-cooling (anti-Stokes mode) is related to the parametric gain R [see Eq. (1)], as shown in Eq. (16) [26] :
where T 0 is the thermodynamic temperature of the acoustic mode. According to Eq. (16), if R 1, T eff → ∞, corresponding to parametric instability. Large negative values of R cause strong cooling.
Using Eq. (1) and the parameters reported above, the OAPA achieves R 1 with an incident power ∼1.6 μW (cavity finesse of 6.3 × 10 4 , Q 0 Q 1 1.3 × 10 10 , and Λ 0.1, resonator effective mass m 1.17 mg, and experimentally observed [28] Q m 7.5 × 10 5 ). Figure 5 shows the predicted parametric gain as a function of input power.
Using the maximum input power of 30 mW, and the parameters given above, the maximum cooling gain is −1.9 × 10 4 . This gain would allow the resonator effective temperature to be cooled from 300 K to ∼15 mK. If the resonator was cryogenically cooled to 76 mK, it would allow self-cooling of the macroscopic resonator acoustic mode to the quantum ground state, near 4 μK [26] [Eq. (16)].
Conclusions
A three-element NSI cavity has been shown to allow the creation of a high parametric gain three-mode OAPA in a compact setup. We have presented a configuration that allows tuning between positive and negative gain (from parametric instability to strong cooling) with small relative position adjustments of the optical components. The device can be tuned for different optical mode gaps and mechanical resonator frequencies.
We have predicted that the OAPA design presented here can achieve parametric instability, corresponding to a parametric gain R 1 with 1.6 μW of input power. The maximum self-cooling factor, limited by the optical-coating damage threshold, is 1.9 × 10 4 with 30 mW of input power. This cooling gain is sufficient to cool the resonator to the quantum ground state from an initial temperature of 76 mK.
The above estimate does not account for the strong reduction of acoustic losses in silicon at low temperatures. A resonator designed to be cooled to the ground state would require reduced laser heating and reduced loss contributions from the optical coatings. If a quality-factor of 10 7 was achieved, combined with coating losses ∼0.1 ppm, the heat load would fall below 100 μW, and the peak cooling factor would increase, making ground state cooling achievable for this mg scale resonator [44] .
An OAPA has many potential applications. Because the resonators have long relaxation times (∼s), if cooled to the quantum ground state, they could be used as quantum memory devices. Their mm scale makes them suitable to study macroscopic quantum mechanics on scales larger than many other systems used in macroscopic quantum experiments. They are sources of tripartite entanglement. As room temperature devices, a simple current loop mounted on the central paddle could enable an OAPA to be operated as a sensitive magnetometer or radio frequency field detector. In the first instance, we plan to test the predictions presented here, and use the device for studying three-mode parametric instability and suppression methods for advanced gravitational wave detectors [19] .
We also propose to develop an improved resonator design using silicon-on-insulator wafer technology, to allow a difference in thickness between the frame and the paddles [45] . A design with thin paddles and a thick frame (∼mm) will allow simple thermal grounding without incurring suspension losses, which would be necessary for efficient cooling in a very low temperature environment.
